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Abstract

For civil engineering structures, ambient vibration tests are preferred over forced vibration ones because the artificially

excitation of large structures having low natural frequencies is quite difficult and expensive. In the ambient vibration tests,

operation disturbances can be avoided and the measured response is representative of the actual operating conditions of

the structures which vibrate due to natural excitation. The proposed damage identification method is intended for

moderate degrees of damage and requires vibration data relative to the current and reference states of the structure as well

as a parametric finite element model. It is based on a residual generated from a modal filtering approach by the calculation

of the error between the measurements at the current state and their projections onto the incomplete modal basis of the

structure as identified at reference state. To detect and locate damage, the residual is evaluated by means of global,

sensitivity and rejection tests, modified to allow only physically feasible simple and multiple damage scenarios. The mean

of the residual, which turns out to be normally distributed, is used in the final phase of damage quantification.

The proposed damage diagnosis method is validated experimentally via ambient vibration tests conducted on full-scale

reinforced concrete beams and slabs which contain various simple and multiple damage configurations. With damage

expressed in terms of loss of flexural stiffness, the damage detection, localization and quantification are found to

be successful for degrees of damage less than about 28% of the initial flexural stiffness of the tested specimens.

The exception is that, for multiple damage scenarios, the relative quantification errors may be unacceptable in locations

where poor accuracy is expected.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Diagnosis of structures based on output-only, ambient vibration tests is becoming more popular nowadays
[1–3]. Robust methods for finding the dynamic signature of structures from ambient vibration measurements
are now available, for example, in the commercial computer code ARTeMIS Extractor [4]. The changes of the
state of a structure at different times of its life cycle usually alter its dynamic signature. Comparison of the
resulting signatures constitutes an important tool for the evaluation and monitoring of damage.
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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A number of methods of damage assessment rely on the identification of the modal parameters of the
structure before and after damage, based on output-only measurements. In these so-called modal-based
methods, damage is estimated according to several criteria which may include the change in frequencies [5],
mode shapes, Modal Assurance Criterion and Coordinate Modal Assurance Criterion [2,6], mode shape
curvature and modal strain energy [7,8], Ritz vectors [9], stiffness and flexibility matrices [10,11]. The main
disadvantage of modal methods is the loss of information due to data compression resulting from the
computation of the modal parameters [1].

To overcome this disadvantage, time-domain methods may constitute an alternative to modal methods.
Time-domain methods make use of vibration measurements before and after damage and
evaluate appropriate residuals in terms of either the direct measured data alone or combined with identified
modal parameters. Residuals can be based on: (i) auto-regressive moving-average vector, auto-regressive and
auto-regressive with exogenous inputs models [12]; (ii) appropriate distance between measurements before
and after damage such that the Mahalanobis distance [13], the mean strain energy measure which uses
response data for a specified time period [14]; (iii) model-based state space observers where the design of
damage detection filter consists of finding feedback gains and a filter output gain [15]; (iv) stochastic subspace-
based identification method and a statistical local approach [16–18] and (v) statistical modal filtering (SMF)
method [19].

The proposed SMF method was developed after studying the existing methods and trying to
combine their advantages and eliminate their disadvantages. First, a significant aspect is the robustness of
these methods on the three levels of damage identification which are the detection, the localization and the
quantification of damage [1]. The robustness can be defined as the insensitivity of the methods to
the measurement noise and to other errors, such as modeling errors, in cases of simple and multiple damages.
In previous works, the damage quantification was not always reached and the question of robustness was not
treated in a sufficiently rigorous manner. The SMF method, which is a statistical time-domain approach, is
proposed for detection, localization and quantification of damage having the advantage of preserving
robustness at all these levels. The robustness of such a method resides in the development of a new residual
which exploits the maximum of information contained in the measurements and reduces the dependency on
the model.

Secondly, the majority of existing methods allows the identification of important damage and remains
not very sensitive to small levels of damage. The correct identification by the modal methods, for example,
is only possible for significant changes of behavior since the detection of variations in the modal
characteristics is relatively straightforward at advanced stage of degradation [2]. To overcome this problem,
the proposed SMF method is developed especially for the damage identification of small changes. The
evaluations are carried out within a statistical framework to distinguish the variations, compared to a
reference behavior, caused by small levels of damage from those caused by other sources of errors
(measurement and modeling).

Finally, damage detection and localization are based on generalized likelihood ratio (GLR) tests to which
constraints were added in order to allow only physically feasible damage [19]. As for the level of damage
quantification, the majority of existing methods such as Ref. [3], that manage to treat this last level, consists in
solving directly an opposite problem of quantification, without enough robustness in the preceding levels, as in
the updating methods. In the proposed SMF approach, the localization of damage is treated as a problem of
detection rather than an opposite problem of estimation and the quantification is treated in final phase within
a statistical framework.

The objectives of this paper are twofold. The first one is to enhance the damage diagnosis methodology [19]
for the purpose of making it more robust especially at the localization and quantification levels for
multiple damage. These improvements include a new sensitivity test for the localization of multiple
damage and a more accurate damage quantification method using the residual mean. The second
and more important objective of this paper is to provide an experimental validation of the proposed
methodology using ambient vibration tests performed on reinforced concrete beams and slabs with artificially
created damage.

This paper is organized as follows. Section 2 presents a summary of our damage diagnosis methodology
while Section 3 describes the new enhancements. Section 4 is devoted to the experimental validation.
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2. Damage diagnosis methodology

Structural health monitoring consists in confronting the signal yd measured at a current state with
a reference signal y0. Both vectors are measured at r measurement points and contain measurements at
N different instants of time. The state of the structure can be described in its finite element model by a set of
physical and/or geometrical parameters which form a vector h of dimension p. When h ¼ h0, the structure is at
its reference state which may correspond to an undamaged state. The state defined by h ¼ hd represents the
current state of the structure. The monitoring of the system consists in detecting changes in the vector h.

In the modal filtering approach, residual generation is based on the estimation of the error between the
measurements taken on the structure at the current state and their projections onto the incomplete modal basis
of the structure as identified at reference state [19]. This projection is represented by the following relation:

yt;d ¼ ½Uðh0ÞU
þðh0Þ�yt;d (1)

in which yt;d is the projection of the vector yt;d onto the modal basis Uðh0Þ, yt;d is the r� 1 measurement vector
at an instant t, given from the current signal yd, Uðh0Þ is the incomplete r�m modal matrix, identified at the
reference state h0 and, whose columns represent the m lowest dominant vibration modes.

By assuming that rXm, the m� r matrix Uþðh0Þ is the pseudo-inverse of Uðh0Þ which is given by
Uþðh0Þ ¼ ðUTðh0ÞUðh0ÞÞ

�1UTðh0Þ.
Therefore, the expression of the error, at an instant t of measurement time, is given by

et;dðh0Þ ¼ yt;d � yt;d ¼ ½Ir �Uðh0ÞU
þðh0Þ�yt;d, (2)

where Ir is the identity matrix of dimensions r� r.
The error vector given by Eq. (2) represents, therefore, the response outside of the modal subspace

generated by the retained vibration modes. This modal filtering is the base of the residual generation [19].
The proposed residual n is essentially the gradient of the average of the quadratic error ket;dðh0Þk2 between

the measurements taken on the structure at the current state and their projections onto the incomplete modal
basis of the reference state [19]. If the structure is undamaged (i.e., the current state and the reference state are
the same), it can be easily shown that the corresponding error is minimal and its gradient evaluated at h ¼ h0 is
approximately null. This gradient would have been equal to zero if the considered modal basis had been
complete, if the model had been a perfect representation of the structure and if measurements had been free of
noise. On the other hand, should the measurements represent a damaged state, the gradient and consequently
the residual are different from zero. The detailed formulation of the residual is given in El-Ouafi et al. [19].

The expression of this residual n, proposed in Ref. [19], is given by

n ¼
ffiffiffiffiffi
N
p

_Pðh0Þ
T
ðR̂d � IrÞPðh0Þ, (3)

where

PðhÞ ¼ vecðCðhÞÞ, (4)

_PðhÞ ¼ vecðrCðhÞjhÞ, (5)

R̂d ¼
1

N

XN

t¼1

yt;dy
T
t;d (6)

in which CðhÞ¼ Ir �UðhÞUþðhÞ is an r� r matrix; the r� r matrix R̂d corresponds to the current signal yd; the
symbol � is the Kronecker tensor product; the operator vecð Þ is a column stacking operator, it reshapes the
(r� r) matrix CðhÞ to a vector P(h), of dimension r2 � 1 and the ðr� rÞ � p array rCðhÞjh to a matrix _PðhÞ, of
dimension r2 � p.

For small damage levels [17,19], Ehd ðnÞ can be approximated by a first-order Taylor series expansion around
the reference state h0, where Ehd is the expectation operator when the measurement vector is yd. Assuming
hd ¼ h0 þ g=

ffiffiffiffiffi
N
p

, this approximation, which is referred to as the local asymptotic approach [17], is given by

Ehd ðnÞ ¼ Jðh0Þg, (7)
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where g is the damage parameter vector, supposed to be fixed and Jðh0Þ is the p� p sensitivity matrix evaluated
at h ¼ h0; it is given by [19]

Jðh0Þ ¼
1ffiffiffiffiffi
N
p rEhðnÞjh¼h0 , (8a)

¼ �½ðPðh0Þ
T
ðR̂0 � IrÞÞ � Ip� €Pðh0Þ � _Pðh0Þ

T
ðR̂0 � IrÞ _Pðh0Þ (8b)

in which the matrix R̂0 corresponds to the reference signal y0, R̂0 ¼ 1=N
PN

t¼1yt;0y
T
t;0, Ip is the identity matrix of

dimension p� p and €PðhÞ ¼ rðvecð _PðhÞTÞÞjh a matrix of size pr2 � p.
Based on the central limit theorem [20] and a local asymptotic approach [17], the residual n turns out to be

asymptotically normally distributed ðNÞ with zero mean under the reference condition, nonzero mean under
the damaged condition and constant covariance. Therefore, for small damage levels allowing the use of the
first-order Taylor series expansion and the local asymptotic approach, the statistical test can be formulated as
follows:

n/
Nð0;Rðh0ÞÞ under H0

NðJðh0Þg;Rðh0ÞÞ under H1

(
, (9)

where g is the damage parameter vector of size p, H0 : g ¼ 0 is the null hypothesis and H1 : ga0 an
alternative hypothesis which describe the states of absence and presence of damage, respectively, Rðh0Þ is the
asymptotically determined covariance matrix of size p� p.

The statistical test indicates the most probable hypothesis, H0 or H1, that can be used to provide
information on damage detection based on a global test proposed by Basseville [17]. Damage localization
consists of determining the nonzero components of the vector g based on the sensitivity and statistical
rejection tests [17]. In a civil engineering structure, damage is usually reflected by a reduction in its physical
and/or geometrical properties. Therefore, non-positivity constraints are imposed on the damage parameters in
the detection and localization tests [19]. A flowchart of the described diagnosis methodology is shown in
Fig. 1. The strategy of damage localization is to perform a test for each damage parameter, leading to a family
of hypotheses pairs: fðHi

0 : gi ¼ 0;Hi
1 : gio0Þ; 1pippg. Each pair represents a parameter to be studied and

the obtained results are interpreted based on the sensitivity and the statistical rejection tests. If both tests
give the same location of peaks, the localization procedure is completed. Otherwise, a set of q possible damage
parameters ðqopÞ is selected by grouping together the results from both tests. If both test values exceed the
threshold the damage is likely to be present at the corresponding location. The remaining parameters,
identified only by one of the tests, are checked again using an additional test to confirm the presence or
absence of damage. Details about this new test are given in Section 3.1.

In our previous work [19], damage quantification was obtained from the sensitivity and rejection tests by the
expressions of the minimum of log-likelihood functions using only one dataset consisting in the entire
Vibration measurements and
modal identification at the

reference state   

Vibration measurements
at the current state   

Parametric finite
element model

Residual
generation

Global test
 Detection of damage 

Sensitivity and rejection
tests

 Localization of damage   

Evaluation of
transformed residuals

Quantification of damage

Fig. 1. Flowchart of the identification methodology.
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measured signal. A more accurate estimate of the degree of damage can be determined by using several
datasets corresponding to the same system measured over several time intervals. This represents one of the
improvements to the proposed SMF methodology.

3. Enhancements of the SMF methodology

The objective of the proposed enhancements is to improve the robustness of the SMF damage diagnosis
methodology especially in the localization of multiple damage and the quantification of damage in general.

3.1. Multiple damage localization

In order to identify multiple damage in structures, a new sensitivity test is proposed allowing detection of
variations in the parameters of interest ga, while assuming nuisance parameters gb to be known and not all
null. The nonzero components of gb can be the identified parameters that reflect damage by both the
sensitivity and rejection tests. The parameters of interest ga may contain the parameters identified by one of
the tests (sensitivity and rejection tests) and not both. Similarly to our previous work [19], the damage vector g
and the sensitivity matrix J may be written as follows:

g ¼
ga

gb

" #
(10a)

and

J ¼ ½Ja Jb�, (10b)

where ga and gb are vectors of size pa and pb, respectively ðpa þ pb ¼ pÞ.
The Fisher information matrix F ¼ JTR�1J becomes, after injecting Eq. (10b),

F ¼
JTaR�1Ja JTaR�1Jb
JTbR�1Ja JTbR�1Jb

" #
¼

Faa Fab

Fba Fbb

" #
. (11)

The purpose of the new extended sensitivity test is to determine the right one between the hypotheses

H0 : g ¼
0

gb

" #
and H1 : g ¼

ga

gb

" #
, (12)

where gb is a known nonzero vector, using the following GLR test:

~~ta ¼ 2 ln
maxga

pga;gb
ðnÞ

p0;gb
ðnÞ

¼ l0;gb
ðnÞ �minga

lga;gb
ðnÞ (13)

in which

lga;gb
ðnÞ ¼ ðn� JgÞTR�1ðn� JgÞ

¼ nTR�1n� 2ðgT
a J

T
a þ gT

b J
T
b ÞR
�1nþ gT

a Faaga þ 2gT
a Fabgb þ gT

b Fbbgb, (14)

l0;gb
ðnÞ ¼ nTR�1n� 2gT

b J
T
bR�1nþ gT

b Fbbgb. (15)

In order to evaluate the test statistic in Eq. (13), the log-likelihood function lga;gb
ðnÞ has to be minimized with

respect to ga, resulting in the following condition:

ga ¼ F�1aa ðJ
T
aR�1n� FabgbÞ. (16)

Substituting Eq. (13) into Eq. (10), the test statistic ~~ta can be written as

~~ta ¼ ðJ
T
aR�1n� FabgbÞ

TF�1aa ðJ
T
aR�1n� FabgbÞ. (17)



ARTICLE IN PRESS
S. El-Ouafi Bahlous et al. / Journal of Sound and Vibration 325 (2009) 49–6854
Using the transformed variable

n�a ¼ JTaR�1n� Fabgb (18)

which is normally distributed under gaa0 as

n�a/NðFaaga;FaaÞ (19)

the new test statistic can, finally, be written as

~~ta ¼ n�Ta F�1aa n�a. (20)

The test statistic ~~ta is distributed as a w2 random variable with pa degrees of freedom (dof) and noncentrality
parameter gT

a Faaga.
The diagnosis is carried out by the following rule: when ~~taXl, H0 is rejected, l being a threshold value

determined from the w2 table according to the desired Type I error rate a [20]. Otherwise, ~~taol, which leads to
the acceptance of H0.

Similarly to the global, sensitivity and rejection tests [19], the feasibility condition on the damage parameters
can be incorporated in the evaluation of the test ~~ta. This can be carried out by minimizing the quadratic
function given in Eq. (14) subject to the non-positivity constraints, leading to the following expression:

ðFaaga � JTaR�1nþ FabgbÞt̄a ¼ 0, (21)

where t̄a is the matrix representation of square roots of ga, ga ¼ �t̄ata. It should be noted that, generally in
the procedure of search of multiple damage, t̄a is one dimensional. Consequently, Eq. (21) either yields
directly that t̄a ¼ 0 or provides a result similar to that of the test in Eq. (20).
3.2. Damage quantification

In previous work [19] the damage identification was conducted using the measurements of a single dataset.
Based on the idea that more information can be extracted from the system under study by generating more
datasets, an attempt is made to improve the accuracy of the damage quantification results by modifying the
methodology to treat several datasets instead of a single one. This is performed by first developing a
transformed residual which contains information about the placement of the damaged parameters. This
transformed residual is derived from the normally distributed residual n/NðJg;RÞ. Knowing the nonzero
components of the damage parameter g, i.e. those which form the vector ga, the transformed residual

n̂a ¼ JTaR�1n (22)

is normally distributed with a nonzero mean in the damaged condition,

n̂a/NðFaaga;FaaÞ, (23)

where Faa ¼ JTaR�1Ja.
An estimation of the damage quantification ĝa can be obtained by multiplying the transformed residual n̂a

by F�1aa ,

ĝa ¼ F�1aa n̂a/Nðga;F
�1
aa Þ. (24)

The average of the variables ĝa estimated for several datasets gives the value of the degree of damage ga,

ga ¼ Ehd ðĝaÞ ¼ F�1aa Ehd ðn̂aÞ. (25)

The damage quantification error can be estimated by computing the variance of ĝa which is equal to the
reciprocal of the submatrix Faa of the Fisher information matrix,

VarðĝaÞ ¼ F�1aa Varðn̂aÞF
�1
aa ¼ F�1aa . (26)

A detailed flowchart of the enhanced SMF diagnosis methodology is given in Appendix A.
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4. Experimental validation on reinforced concrete elements

This study provides an experimental verification of the identification approach via ambient vibration tests
conducted on reinforced concrete beams and slabs in which artificial damage is created.
4.1. Description of test specimens

Reinforced concrete beams and slabs were fabricated in the laboratory for the purpose of experimentally
validating the proposed modal filtering damage diagnosis method. Various damage scenarios were created in
these specimens to study simple and multiple damages with various degrees of damage.

Two beams, labeled B1 and B2, are prepared for the study. Both beams are simply supported. They have
the same length and width, l ¼ 4:00m, w ¼ 0.15m and have, respectively, the height h ¼ 0.08 and 0.06m.
A photograph of the beams is shown in Fig. 2. These dimensions are chosen such that the lower natural
frequencies are as close as possible to those typically found in concrete bridges. Ease of fabrication, handling
constraints and damage scenarios were also determining factors in choosing these dimensions and in designing
the steel reinforcement. The latter has been strictly limited to lower longitudinal bars, given that the beams are
not expected to undergo reverse bending or significant shearing action. For both beams four HA type, 10mm
diameter steel bars formed the bottom row of the reinforcement. The concrete beam equivalent cross-section is
calculated assuming that the lower part of the beam, subjected to tension, contributes to the stiffness as long as
the allowable tensile stress is not reached. Thus the moment of inertia is estimated at IB1 ¼ 8:34� 10�6 m4 for
B1 (resp. IB2 ¼ 3:00� 10�6 m4 for B2). The concrete elasticity modulus, E ¼ 29.5GPa, is determined from
conventional compression tests. The stiffness is consequently estimated at EIB1 ¼ 246:03KNm2 for B1
(resp. EIB2 ¼ 88:50KNm2 for B2).
B2
B1

E1

E2

E3

E4

E5

E10

Fig. 2. Photograph of the reinforced concrete beams.
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Fig. 3. Discretized beam model and placement of sensors.

Fig. 4. Damage creation in case of scenario B1-2.
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The finite element model of the beam consists of 20 beam elements. Each pair of adjacent elements
corresponds to a group ðEj ; j ¼ 1; . . . ; 10Þ which is characterized by the same damage parameter (Fig. 3). The
considered parameters, forming the vector h, are the stiffness EI of the ten element groups.

Three damage scenarios, performed on beam B1, served in testing the identification by varying the degree of
damage. The first scenario, B1-1, was created by cutting a 1 cm deep groove all over the two lateral surfaces of
element group E3. Then the same grooves are made 2 cm deep, which defines scenario B1-2. Scenario B1-3 is
generated by cutting an additional 0.3 cm deep groove all over the upper surface of the same element group
E3. Beam B2 served to assess identification in the presence of multiple damage. Thus, damage consisted of
1 cm deep grooves cut all over the two lateral surfaces of element group E3 for scenario B2-1, then extended to
element group E4 for scenario B2-2 and finally to element group E10 for scenario B2-3. Fig. 4 shows the
groove cutting operation.

The grooves cause a local reduction in the stiffness EI of the beam. The actual degree of damage Da,
expressed in terms of reduction in stiffness and the actual flexural stiffness EIa are given in Table 1 for the
considered scenarios. It should be noted that, in order to avoid variation in mass due to material loss, the mass
of removed concrete is replaced by an equal added mass placed on the beam. This is due to the fact that the
mass is not taken into account as a parameter in the model for the presented application.

The slabs are of dimensions 2m� 1m. The thickness of the first slab, labeled S1, is 0.06m and that of the
second slab, S2, is 0.05m. A photograph of the slabs is shown in Fig. 5. The reinforcement is limited to TSHA
type steel bars of 4mm diameter, with a spacing of 0.15m. For the slab S1, the moment of inertia is estimated
at IS1 ¼ 1:848� 10�5 m3 per unit width (resp. IS2 ¼ 1:067� 10�5 m3 for S2) and, consequently, the stiffness is
estimated at EIS1 ¼ 545:292KNm for S1 (resp. EIS2 ¼ 314:709KNm for S2). The slabs are supported on
their four corners. Finite element models of the slabs were built using 60 shell elements with three dof per node
(i.e., one vertical translation and two rotations per node). The elements are grouped into 15 quadruplets
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Table 1

Actual damage in beams.

Scenario Element group Da (%) EIa (KNm2)

(a) Damage in beam B1

B1-1 E3 10.1 221.181

B1-2 E3 20.3 196.086

B1-3 E3 27.7 177.880

(b) Damage in beam B2

B2-1 E3 9.4 80.181

B2-2 E3 9.4 80.181

E4 9.4 80.181

B2-3 E3 9.4 80.181

E4 9.4 80.181

E10 9.4 80.181

S2

S1

Fig. 5. Reinforced concrete slabs and measurement equipment.

S. El-Ouafi Bahlous et al. / Journal of Sound and Vibration 325 (2009) 49–68 57
ðEj ; j ¼ 1; . . . ; 15Þ of adjacent elements. A schematic representation of the slab finite element model is
illustrated in Fig. 6.

Three damage scenarios were produced for each slab. In slab S1, damage was created by cutting a 0.5, 1 cm
then 1.5 cm deep groove all over the upper surface of element group E14 which define scenario S1-1, S1-2 and
S1-3, respectively. In slab S2, damage was created by cutting a 0.5 cm deep groove all over the upper surface of
element group E2, then extending it to element group E8 and finally to element group E9. These constitute
damage scenarios S2-1, S2-2 and S2-3, respectively. The degrees of damage Da, expressed in terms of reduction
in stiffness per unit width and the actual flexural stiffness EIa are summarized in Table 2.

As for the beams, slab S1 was used for studying the influence of degree of damage and S2 for assessing the
performance of the identification method in the presence of multiple damage.
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E10 E9E8 E7 E6 

E15 E14E13E12 E11 

E5 E4E3 E2   E1 

Fig. 6. Discretized shell model and placement of sensors (setup 1 , setup 2 ).

Table 2

Actual damage in slabs.

Scenario Element group Da (%) EIa (KNm)

(a) Damage in slab S1

S1-1 E14 21.1 430.235

S1-2 E14 35.1 353.894

S1-3 E14 43.5 308.090

(b) Damage in slab S2

S2-1 E2 24.5 237.605

S2-2 E2 24.5 237.605

E8 24.5 237.605

S2-3 E2 24.5 237.605

E8 24.5 237.605

E9 24.5 237.605

S. El-Ouafi Bahlous et al. / Journal of Sound and Vibration 325 (2009) 49–6858
4.2. Description of vibration equipment and test planning

Ambient vibration tests were conducted on the structures using a sixteen-channel data acquisition system
(Vibration Survey System Model VSS-3000, Kinemetrics, 1997) with nine force-balance uniaxial
accelerometers (model FBA-ES-U, Kinemetrics, 2000). The sensors, which are capable of measuring
accelerations of up to70.25g with a resolution of 0.1 mg, convert the physical excitation into electrical signals.
Cables were used to transmit the electronic signals from sensors to the signal conditioner which was used to
improve the quality of the signals by removing undesired frequency contents (filtering) and amplifying the
signals. The amplified and filtered analog signals were converted to digital data using a 16-bit resolution
analog-to-digital converter at a speed of 1024 kHz prior to storing on the data acquisition computer.
The analog-to-digital converter is capable of sampling up to sixteen channels at sampling frequencies between
0.2 and 2000Hz. The accelerometers are capable of measuring frequencies less than 200Hz. The ambient
vibration tests were carried out on the beams and the slabs in their undamaged and damaged states.
The structures were excited both artificially by a hammer applied randomly and naturally through wind and
micro-tremors.

For each damage scenario, accelerations due to ambient vibration are measured at a sampling frequency of
1000Hz during a measurement period of 6min. This interval is divided into 18 datasets of 20 000 points each.
A sample of the acceleration data is given in Fig. 7.

The accelerometers were mounted on the beam specimens at equally spaced locations as shown in Fig. 2.
For the slabs, fifteen sensors were mounted on each specimen as illustrated in Fig. 6. Furthermore, since the
number of accelerometers (9) was less than the number of measurements (15), the vibration measurement
campaign was divided into 2 test setups, each lasting 6min. Each setup consisted of three reference
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Fig. 7. Example of data for beam B1 (scenario B1-1).
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Fig. 8. Average of normalized singular values of spectral density matrices using the EFDD technique.
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accelerometers which remained in their position throughout the campaign and the remaining sensors were
moved to cover all the measurement points.

4.3. Results and discussion

4.3.1. Damage identification in beams

The enhanced frequency-domain decomposition (EFDD) technique [21,22], implemented in the code
ARTeMIS Extractor [4], was used to identify the modal signature of the beams. Fig. 8 shows the average of
singular values of spectral density matrices using the EFDD technique. The singular values in this plot
correspond to the detected frequencies. The first three lowest and dominant detected frequencies are 9.32,
38.24 and 79.74Hz and, therefore, their corresponding modes shapes are retained for the subsequent damage
identification task. It should be noted that the first three natural frequencies of the finite element model are
9.42, 37.71 and 84.86Hz, which indicates that the modeling error is less than 6.42% in the identification of
frequencies. The measurement-based mode shapes for the three detected modes are shown in Figs. 9(a)–(c).
The values of the Modal Assurance Criterion MAC [1] are estimated to predict the level of correspondence
between the experimental and computed finite element mode shapes. The diagonal and off-diagonal terms of
the MAC matrix vary from 99.13% to 99.98% and 0.00% to 0.07%, respectively. Comparison of frequencies
and mode shapes indicates an almost a one-to-one correspondence between the experimental and computed



ARTICLE IN PRESS

Natural frequency = 9.32Hz; Damping ratio = 2.8% 

Natural frequency = 38.24Hz; Damping ratio = 0.63% 

Natural frequency = 79.74Hz; Damping ratio = 0.79% 

Fig. 9. Measurement-based mode shapes identified using the EFDD technique of beam B1: (a) first measured mode shape, (b) second

measured mode shape and (c) third measured mode shape.

Fig. 10. Residuals calculated for the 18 datasets (B1-1).
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vibration modes. As a result, it can be concluded that the finite element model of the beam reproduces
reasonably well the real behavior of the undamaged structure.

The results obtained from the three damage scenarios relative to beam B1 are presented hereafter, with the
objective of validating the identification with respect to the degree of damage. Since the basis of the proposed
SMF method is the estimation of residual vectors which are given by Eq. (3). Fig. 10 shows an example of such
quantities estimated from the eighteen datasets generated for the particular case of damage scenario B1-1.
It can be seen that the mean value of the residual vectors is different from zero, which indicates that the
structure may be damaged. A definite conclusion can only be made after subsequent statistical tests related to
damage identification are executed.

Results of damage identification for the three damage scenarios (B1-1, B1-2 and B1-3) are summarized in
Table 3. The second column of this table gives the global detection test value based on the first dataset, which
follows a w2 random variable with p dof corresponding to the number of parameters in the structure. For
scenario B1-1, the global test is equal to 112.0, which is much larger than the threshold value of 23.2, taken
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Table 3

Damage identification results for beam B1.

Scenario Damage

detection

Damage localization Damage

quantification

Stiffness EI

Value of global

test

Value of sensitivity

test

Value of rejection

test

Damage

location

Dc

(%)

e1
(%)

EIc

(KNm2)

e2
(%)

(1) (2) (3) (4) (5) (6) (7) (8) (9)

B1-1 112.0 67.4 57.3 E3 10.6 5.0 219.951 0.6

B1-2 233.8 184.1 118.9 E3 19.1 5.9 199.038 1.5

B1-3 436.3 302.5 272.8 E3 20.5 26.0 195.594 10.0

Fig. 11. Values of damage localization tests for scenario B1-1.
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from w2 table for p ¼ 10 dofs and a significance level a ¼ 1% [20], which confirms the occurrence of damage
and concludes the detection level. Damage localization sensitivity and rejection tests are then performed based
on the first dataset by considering the ten parameters one by one, as displayed in Fig. 11, the parameters being
the stiffness EI of all the element groups. The threshold value of 6.63 discriminates damaged from undamaged
elements, for a single dof (p ¼ 1) and a ¼ 1%. The values of these tests which are larger than the threshold
value are those corresponding to element group E3, which are also reported numerically in columns 3 and 4 of
Table 3. It is clear from Fig. 11 that the proposed SMF method correctly predicts the localization of damage in
the third element group. The same conclusions are reached for damage detection and localization based on the
remaining datasets. Using the mean of the calculated residuals shown in Fig. 10, the quantification of damage
is estimated at 10.6% for damage scenario B1-1 (column 6 of Table 3) based on all datasets, which is close to
the actual damage value of 10.1% reported in Table 1. The relative error e1, between actual (Da) and
computed (Dc) degree of damage, is reported in column 7 of Table 3 and is expressed in percentage as follows:
e1ð%Þ ¼ jDa �Dcj=Da � 100 in which Dc is given in column (6) of the considered Table. In addition, the
relative error e2, between actual (EIa) and computed (EIc) stiffness (column 8 of Table 3), is given in column 9
of Table 3 and is expressed in percentage as follows: e2ð%Þ ¼ jEIa � EIcj=EIa � 100. For the first damage
scenario, the resulting relative error (e1) is of the order of 5% and the corresponding relative error (e2) between
the actual and computed stiffness is less than 1%.

For the second and third damage scenarios (B1-2 and B1-3), all the obtained global tests are larger than the
threshold value of 23.2, e.g. 233.8 and 436.3 for B1-2 and B1-3, respectively, using the first dataset (column 2
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Table 4

Damage identification results for beam B2.

Scenario Damage

detection

Damage localization Damage

quantification

Stiffness EI

Value of global

test

Value of sensitivity

test

Value of rejection

test

Damage

location

Dc

(%)

e1
(%)

EIc

(KNm2)

e2
(%)

(1) (2) (3) (4) (5) (6) (7) (8) (9)

B2-1 172.2 50.9 51.5 E3 11.9 26.6 77.969 2.8

B2-2 293.7 124.9 50.4 E4 11.3 20.2 78.500 2.1

74.2 – E3 8.7 7.4 80.801 0.8

B2-3 934.6 405.1 178.6 E4 17.6 87.2 72.924 9.1

285.7 E3 10.2 8.5 79.473 0.9

55.1 E10 32.9 250.0 59.383 25.9

12.1 E5 2.4 – 86.376 2.4
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of Table 3). This proves existence of damage in the beam. The only values, of the damage localization
sensitivity and rejection tests, which are larger than the threshold value, are always obtained in element group
E3. The quantification is achieved with a relative error, between the actual and computed degree of damage, in
the order of 5.9% and 26% for the second and third scenarios, respectively (column 7 of Table 3). The
corresponding relative errors between the actual and computed stiffness are 1.5% and 10% for the second and
third scenarios, respectively (column 9 of Table 3). It can, therefore, be concluded that, for the case of beams,
damage existence and localization were correctly predicted while the errors in the damage quantification were
rather acceptable for degrees of actual damage less than 27.7% (Table 1a). Finally, it can be concluded that,
based on the damage scenarios B1-1, B1-2 and B1-3, the damage quantification relative error increases for
larger values of the damage and this is understandable since the proposed SMF method is based on the
assumption of small damage.

The purpose of damage scenarios relative to the second beam B2 is to validate the identification with respect
to multiple damage. For this beam, the first three identified natural frequencies of the undamaged state are
6.44, 26.48 and 58.71Hz. Similarly to beam B1, the finite element model of beam B2 also reproduces
reasonably well the actual behavior of the undamaged structure.

Results of damage identification for the three damage scenarios (B2-1, B2-2 and B2-3) are reported in
Table 4. The second column of this table gives the detection global test value based on the first dataset. In
scenario B2-1, the global test is 172.2 and sensitivity and rejection tests are 50.9 and 51.5, respectively, for
element group E3 and they are less than the threshold value of 6.63 in all the others elements. Thus, damage is
located correctly and the degree of damage is found to be 11.9%.

In scenario B2-2, the results, given in Fig. 12, indicate that damage occurs in multiple element groups and
can be located at element groups E3, E4 and/or E5 according to the sensitivity test and at groups E3, E4 and/
or E7 based on the statistical rejection test. Now the analysis is restricted to these four potential damage
locations. The tree of the branch-and-bound search [19,23] leading to localization is displayed in Fig. 13 with
the values of the sensitivity test at the tree nodes. One can note that, from the first level of the tree, the largest
test statistic ~~ta1ðE4Þ is chosen for further refinement. In the second level, using the new sensitivity test
(Section 3.1) which takes into account the damage identified at the previous level, the largest test statistic
~~ta2ðE3Þ is chosen for further refinement. It is interesting to mention that, in pursuing the test to the third level,
the value of the test ~~ta3ðE7Þ is 5.1 which is less than the threshold value of 6.63. This clearly suggests absence of
damage in group E7. To conclude this example, the most probable hypothesis is that of damage occurring in
groups E3 and E4, which is the actual localization. The resulting degree of damage is equal to 8.7% for
element group E3 and 11.3% for E4.

In the third scenario, B2-3, based on the sensitivity and rejection tests, the possibly damaged elements are
E3, E4, E5, E7, E9 and/or E10 as presented in Fig. 14 using the first dataset. The search tree leading to the
localization is given in Fig. 15. The obtained degrees of damage are equal to 10.2% for element group E3,
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Fig. 12. Values of damage localization tests for scenario B2-2.

Fig. 13. Localization search tree with sensitivity test values at the nodes (scenario B2-2).

Fig. 14. Values of damage localization tests for scenario B2-3.
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17.6% for E4, 2.4% for E5 and 32.9% for E10. The results of localization are acceptable because the
calculated degree of damage in E5 is too small to consider the element to be undamaged. However, the
performance of the quantification deteriorates with respect to element group E10. The latter is near
the support and the corresponding diagonal term in the Fisher information matrix is small, as indicated in
Fig. 16 and as a result the predictions is subject to large uncertainty.
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Fig. 15. Localization search tree with sensitivity test values at the nodes (scenario B2-3).

Fig. 16. Diagonal terms of Fisher information matrix for the undamaged beam B2 using nine sensors.
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4.3.2. Damage identification in slabs

Similarly to the beams, three vibration modes were detected in the slabs using the EFDD technique, which
correspond to the dominant modes with the lowest frequencies 27.63, 71.96 and 84.57Hz. The first three
computed frequencies are 25.11, 76.93 and 88.09Hz which corresponds to modeling errors less than 9.1% in
the identification of frequencies. The measurement-based mode shapes are shown in Figs. 17(a)–(c). The
values of the Modal Assurance Criterion MAC [1] are estimated to predict the level of correspondence
between the experimental and computed finite element mode shapes. The diagonal and off-diagonal terms of
the MAC matrix vary from 84.5% to 99.7% and 0.03% to 14%, respectively. As a result, it can be concluded
that the finite element model of the slab reproduces reasonably the real behavior of the undamaged structure.

For the three damage scenarios, the obtained global tests are larger than the threshold, which proves the
existence of damage (Table 5). For scenarios S1-1 and S1-3, the maximum values of the sensitivity tests are
obtained in element E14. For the scenario S1-2, the maximum values of the tests are relative to element E15 in
the first level of the search tree and to element E14 in the second level. The damage is, therefore, distributed
between the actual damaged element E14 and the neighboring element E15. Clearly, damage detection and
localization are reasonably predicted for the three scenarios S1-1, S1-2 and S1-3, while quantification results
are judged reasonable for the scenario S1-1 with a relative quantification error in the order of 11% (column 7,
Table 5).
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Natural frequency = 27.63Hz; Damping ratio = 1.26% 

Natural frequency = 71.96Hz; Damping ratio = 1.40% 

Natural frequency = 84.57Hz; Damping ratio = 4.86% 

Fig. 17. Experimental mode shapes of the slab S1 using the EFDD technique: (a) first measured mode shape, (b) second measured mode

shape and (c) third measured mode shape.

Table 5

Identification results for slab S1.

Scenario Damage

detection

Damage localization Damage

quantification

Stiffness EI

Value of global

test

Value of sensitivity

test

Value of rejection

test

Damage

location

Dc

(%)

e1
(%)

EIc

(KNm)

e2
(%)

(1) (2) (3) (4) (5) (6) (7) (8) (9)

S1-1 949 521 436 E14 18.8 10.9 442.777 2.9

29 E12 2.7 – 530.569 2.7

S1-2 1374 471 169 E15 15.6 – 460.226 15.6

204 E14 13.4 61.8 472.223 33.4

S1-3 2081 701 623 E14 20.7 52.4 432.417 40.4

127 E15 16.0 – 458.045 16.0
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The purpose of damage scenarios relative to the second slab S2 is to validate the identification with respect
to multiple damage. The first three identified natural frequencies of the undamaged slab S2 are 20.21, 52.88
and 67.10Hz. Similarly to slab S1, the finite element model of slab S2 also reproduces reasonably the actual
behavior of the undamaged structure.

Results of the damage identification for the three damage scenarios (S2-1, S2-2 and S2-3) are reported
in Table 6. The second column of this table gives the detection global test value based on the first dataset.



ARTICLE IN PRESS

Table 6

Identification results for slab S2.

Scenario Damage

detection

Damage localization Damage

quantification

Stiffness EI

Value of global

test

Value of sensitivity

test

Value of rejection

test

Damage

location

Dc

(%)

e1
(%)

EIc

(KNm)

e2
(%)

(1) (2) (3) (4) (5) (6) (7) (8) (9)

S2-1 960 43.6 32.1 E2 17.0 30.6 261.208 9.9

S2-2 1586 178.5 159.3 E8 33.1 35.1 210.540 11.4

51.9 E2 33.6 37.1 208.967 12.1

13.7 E1 3.4 – 304.009 3.4

S2-3 1071 71.6 204.6 E2 31.8 29.8 214.632 9.7

96.7 E8 24.6 0.4 237.291 0.1

32.8 E9 8.1 66.9 289.218 21.7
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The calculated values of this test indicate existence of damage. The sensitivity and rejection test values are
given in columns 3 and 4 of Table 6, respectively. It should be noted that the sensitivity test values are further
refined using the tree of the branch-and-bound search. In scenario S2-1 where the actual damage is 24.5% and
located in element group E2 (Table 2), the SMF method correctly predicted the damaged element group with a
degree of damage equal to 17% (column 6 of Table 6). The resulting relative error is 30.6% and the
corresponding relative error between the actual and computed stiffness is less than 10% (columns 7 and 9 of
Table 3).

For scenario S2-2, where the actual damage amounts to 24.5% and is located in element groups E2 and E8
(Table 2), the SMF method predicted element groups E2, E8 and E1 to be damaged (column 6 of Table 6).
Results wrongly suggest element group E1 to be damaged. Indeed, it should be noted that the truncation and
the approach used in estimating the covariance matrix may introduce some errors in test values, which can be
slightly larger than the threshold for an undamaged element. Since the degree of damage for this element is
rather small (3.4%), the element can be considered to be undamaged. For scenario S2-3 where the actual
damage is 24.5% and is located in element groups E2, E8 and E9 (Table 2), using the sensitivity and rejection
tests, the damaged elements turn out to be correctly located as indicated in Table 6 (column 5).

5. Conclusion

The statistical modal filtering (SMF) method, proposed by the authors in Ref. [19], is enhanced for the
purpose of making it more robust especially in the localization of multiple damage and in the quantification of
simple and multiple damage. These improvements include a new sensitivity test for the case of multiple
damage used in damage identification phases and a more accurate damage quantification method using
the residual mean. The method is then validated experimentally using ambient vibration tests performed in the
laboratory on reinforced concrete beams and slabs with artificial damage scenarios. These scenarios
include cases of simple and multiple damage with various degrees of damage. Detection and localization are
reasonably predicted for the beams and slabs. The damage quantification results are generally acceptable for
degrees of damage less than 28%, corresponding to a relative error with respect to the actual stiffness in
the order of 10%. However, diagnosis deteriorates as damage level increases, which is predictable since the
proposed method is based on the assumption of small damage. For the case of multiple damage, the detection
and localization are successfully predicted and the relative quantification errors are generally acceptable except
for the case where poor accuracy is expected on the basis of the Fisher information matrix.

For real structures with many unknowns, the computational cost of the SMF method becomes too
expensive in the level of damage localization. Therefore, the method may be combined with a genetic
algorithm to solve the problem of damage localization in a moderate computational time, in particular when
the number of damage parameters becomes significant. In Ref. [24], the proposed method was applied on a
real bridge in order to demonstrate its feasibility.
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Appendix A. Detailed flowchart of the enhanced SMF identification methodology
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